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Calculus 1

Lecture 11:

Integral

By:
Nur Uddin, Ph.D



Anti-derivatives

DEFINITION A function F is an antiderivative of f on an interval I if
F'(x) = f(x) forall x in .

The process of recovering a function F(x) from its derivative f(x) is called antidifferentia-
tion. We use capital letters such as F to represent an antiderivative of a function f, G to
represent an antiderivative of g, and so forth.

EXAMPLE 1 Find an antiderivative for each of the following functions.

(a) f(x) = 2x (b) g(x) = cosx
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General form of anti-derivatives

THEOREM 8 If F is an antiderivative of f on an interval /, then the most gen-
eral antiderivative of f on /I 1s

F(x) + C

where C' is an arbitrary constant.
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Example 1:

Find an antiderivative of f(x) = 3x? that satisfies F(1) = —1.
Answer:
F(x)=x3+c

F)=-1 wmp F(1)=1)>+c=-1 mmp c=-2

F(x)=x3-2
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Anti-derivative formulas

Function General antiderivative Function General antiderivative
n ] n+1 _ kx l kx
1. x ”+1.1 +C, n# —1 8. ¢ ke + C
2. sin kx —%COS kx + C 9, { In|x| +C. x#0
1 .
3. cos kx —sinkx + C | |
k 10, — —sin tkx + C
| V1 — k%x? k
4. sec? kx clanky + C " I I et C
. N -7 Ld N X +
| 71 T X tan— kx
5. csc?kx — cot kx + C ]
12. ﬁ sec M kx + C.kx > 1
X X —
6. sec kx tan kx %sec kx + C
I 13. &~ ( l )a’“+C,a>0.a # 1
7. csc kx cot kx % csckx + C klna

k a nonzero constant
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Anti-derivative linearity rules

Function General antiderivative
1. Constant Multiple Rule: kf(x) kF(x) + C, k aconstant
2. Negative Rule: —f(x) —F(x) + C
3. Sum or Difference Rule: f(x) £ g(x) Fx) - Gx) + C
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Indefinite integral

DEFINITION The collection of all antiderivatives of f is called the indefinite
integral of f with respect to x, and 1s denoted by

F(x) = ff(x) dx

The symbol f is an integral sign. The function f 1s the integrand of the inte-
gral, and x 1s the variable of integration.

Calculus 1 - INF101 - UPJ/INF/UDN




Example 2:

Function General antiderivative
-n l ‘H-*| " —
1. X 7n+l“\ + C, n# —1
Evaluate
2 _ 9y ~ ;
(X 2x + 5) dx.
Answer: F(x) = [ (x> —2x +5) dx
1 3 2
= §x —x“+5x+c
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Example 3 Function General antiderivative
1. x" ﬁx”“ + C. n# —1
Evaluate [2. sin kx —% coskx + C ]
y = f sin 3x dx 3. coskx %Sin kx + C

Answer:

1
y = —gcos3x+c
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Example 4 Function General antiderivative
1. x" ﬁx”“ + C, n # —1
Evaluate 2. sin kx —% cos kyx + C
y = [ cos5x dx [3. cos kx %Sinkr-l-c ]

Answer:

1
y=§sin5x+c
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Example 5:

Evaluate
y= [ e? dx
Answer:
1
y = iezx +c

Function

General antiderivative

8.

{,k_r

e+ C
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Example 6:

Evaluate

y = [ 3x?% dx )

Answer:
y=x3+c
y(2) =23+¢

10=84+c = c=2
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Definite integral

The symbol for the number J in the definition of the definite integral is

b
/ f(x)dx,

which is read as “the integral from a to b of f of x dee x” or sometimes as “‘the integral from a
to b of f of x with respect to x.” The component parts in the integral symbol also have names:

The function is the integrand.

Upper limit of integration
/
b x is the variable of integration.

Integral sign
~ Ff(x)dx”

/(1 When you find the value

Lower limit of integration '- . ) of the integral, you have
Integral of f froma to b — evaluated the integral.
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Example 7:
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Function General antiderivative
1. x" : XU+ Con # —1
' n+ 1 ’
Evaluate )
y = J 2x dx
0
Answer: 2
y = J 2x dx
0
5 2
— x |
0
=22-02=4-0=4
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Example 7:

Function General antiderivative

I

U+ Con #F —1
n—+1

1. X"

Evaluate /4

y=j cos 2x dx
0

Answer: /4
y =f cos 2x dx

0
1 T/4
= E sin 2x|

= %lsin (2 X %) — sin(2 x O)]

0

1

= % [sin (g) — sin(O)] = % [1-0] = ”
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Properties of definite integral

a b
1. Order of Integration: / f(x)ydx = — / f(x) dx A definition
b a
ﬂ -
2. Zero Width Interval: / f(x)ydx =0 T‘ df“”?“{“” when
(1) EX1S1S
J ;

l

h b
3. Constant Multiple: / kf(x)dx = k / f(x)dx Any constant k

b b b
4. Sum and Difference: / (f(x) £ g(x))dx = / f(x)dx *= / g(x) dx

b c c
. Additivity: [ f(x)dx + / f(x)dx = / f(x) dx
a b a

n
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Properties of definite integral (cont’'d)

6. Max-Min Inequality: It f has maximum value max f and minimum value min
fon [a,b].then

b
min f+-(b — a) = / f(x)dx = max f-(b — a).

b b
7. Domination: f(x) = g(x)on [a.b] = / fx)dx = / 2(x) dx

b
f(x)y =0on [a,.b]= / f(x)dx = 0 (Special case)
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Area under the graph of a nonnegative function

DEFINITION If y = f(x) is nonnegative and integrable over a closed interval
[a, b], then the area under the curve y = f(x) over [a,b] is the integral of

f from a to b,
b
A= / f(x) dx.
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