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Overview

* One of the most important applications of the derivative is its use
as a tool for finding the optimal (best) solutions to problems.

« Optimization problems abound in mathematics, physical science
and engineering, business and economics, and biology and
medicine.



Extreme value of functions

DEFINITIONS Let f be a function with domain D. Then f has an absolute
maximum value on D at a point ¢ if

fx) = f(o) for all xin D v
and an absolute minimum value on D at ¢ if | i
YV = COS X
f(x) = f(¢)y  forall xinD. '
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Maximum and minimum values are called extreme values of the function f. Absolute
maxima or minima are also referred to as global maxima or minima.



Example

D =1(0,2)

Function rule Domain D Absolute extrema on D
(a) v = x? (—00, 00) No absolute maximum
Absolute minimum of O at x = 0
(b) v = x? [0,2] Absolute maximum of 4 at x = 2
Absolute minimum of O at x = 0
(¢) v = x2 (0,2] Absolute maximum of 4 at x = 2
No absolute minimum
d vy = x2 0,2) No absolute extrema
V= rz Vv V= X?‘ V
Y Y
D =10, 2] D = (0, 2]
> X '2 > X T '2 > X

(a) abs min only

(b) abs max and min (c) abs max only
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(d) no max or min
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| ocal extreme values

DEFINITIONS A function f has a local maximum value at a point ¢ within its
domain D if f(x) = f(c) for all x € D lying in some open interval containing c.

A function f has a local minimum value at a point ¢ within its domain D if
f(x) = f(c) for all x e D lying in some open interval containing c.

Absolute maximum
No greater value of f anywhere.

Local maximum Also a local maximum.

No greater value of
[ nearby.

Local minimum
No smaller value
of f nearby.

Absolute minimum
No smaller value of
f anywhere. Also a |

| Local minimum
| No smaller value of

L I | I

local minimum. | | [ nearby. |
| | |
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Finding extreme

THEOREM 2—The First Derivative Theorem for Local Extreme Values If

f has a local maximum or minimum value at an interior point ¢ of its domain,
and if f’ is defined at ¢, then

J“(C') = 0. Local maximum value

v =fx)

Secant slopes = 0
(never negative)

Secant slopes = 0
(never positive)
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Example

f(x) = x* — 4x° + 10

First derivative to find extreme values :
f'(x)=0
f'(x) =4x3 —12x?> =4x*(x—-3) =0

Therefore, the extreme valuesare: x =0 and x =3

flx) <0 f'(x) <0 f'(x)>0
!
f(x) is decreasing f(x) is decreasing 3 f(x) is increasing
Interval x <0 0 <x<3 3<x
Sign of f’ — — +

Behavior of f decreasing decreasing increasing




Second derivative test for local extreme

THEOREM 5—Second Derivative Test for Local Extrema Suppose f” is
continuous on an open interval that contains x = c.

1. If f'(c) = 0 and f"(c) < 0O, then f has a local maximum at x = c.

2. If f'(¢) = 0 and f"(c) > 0, then f has a local minimum at x = c.

3. If f'(¢) = 0 and f"(c) = O, then the test fails. The function f may have a
local maximum, a local minimum, or neither.



Example

f(x) = x* — 4x3 + 10
First derivative (extreme values) :

f'(x) =4x3 —12x?> =4x*(x—-3) =0

Therefore, the extremeare: x=0and x =3

f'(x) <0 ffx) <0 ff(x)>0

f(x) is decreasing f(x) is decreasing 3 f(x) is increasing

Second derivative:
f"(x) = 12x?% — 24x

f"(0)=0 =) x =0 isneither the minimum point nor the maximum point

f'""(3) =36 =) x =3 isthe minimum point 10



Example (cont'd)

f(x) = x* — 4x3 + 10
is minimum at x = 3 and the minimum value is:
f(3)=34—4><33 + 10 = —-17

Therefore, the minimum point is (3,-17).



Example (cont'd)

b}

Inflection 10
point

5_

f'(x) <0

' Inflection
_ point

(3, —17)
[Local
minimum

f'(x) <0

The minimum point is (3,-17).

f'(x)>0

f(x) is decreasing 0

f(x) is decreasing

f(x) is increasing
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